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THE FIRST NONTRIVIAL EIGENVALUE FOR A SYSTEM OF 
p—LAPLACIANS WITH NEUMANN AND DIRICHLET 
BOUNDARY CONDITIONS 

LEANDRO M. DEL PEZZO AND JULIO D. ROSSI 


Abstract. We deal with the first eigenvalue for a system of two p —Laplacians 
with Dirichlet and Neumann boundary conditions. If A p w = div(| Vic| p—2 Vic) 
stands for the p —Laplacian and ~\~ £ — l ? W e consider 

j—A p u = Xa\u\ oc ~ 2 u\v\^ in f2, 

^ — A q v = \/3\u\ oc \v\P- 2 v in fi, 

with mixed boundary conditions 

dv 

u = 0, \Vv \ q ~ 2 — = 0, on 

dv 

We show that there is a first non trivial eigenvalue that can be characterized 
by the variational minimization problem 


>$£ = min 


Jo. v Jn 


\Vv\ q 


dx 


[ M“M 

Jn 


^ dx 


■ : (u,v)e^£ 


where 


Ap’g = |(«,u) € Wq’ p (CI) X W ll9 (n): uv ^ 0 and J |u|“|u|^ 2 v dx = 0 

We also study the limit of Xp’q as p.q —r oo assuming that ^ T £ (0,1), 
and | Q £ (0, oo) as p.q —> oo. We find that this limit problem interpolates 
between the pure Dirichlet and Neumann cases for a single equation when we 
take Q = 1 and the limits T —> 1 and r —» 0. 


Dedicated, to Juan Luis Vazquez, a great mathematician. 

1. Introduction 

N with smooth boundary, 1 < p,q,< oo, and 
a ft 


Let Q be bounded domain in 
0 < a, ft such that 


d-— 1. 

p q 

The aim of this work is to study the following eigenvalue problem 


(1) 


-A p u = Aa|u|“ 2 u\v 


\* 


ft, 


—A q v = A/3|u|“|w|^ 2 v in ft, 
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with mixed boundary conditions 

( 2 ) 


, dv 


u = 0, |Vu| 9-2 — = 0, 


on dll. 


Here A p w = div(| Vu;| p_2 Vu;) is the usual p— Laplacian and is the outer normal 

derivative. 

Our Hrst result is a variational characterization of the first non trivial eigenvalue 
of our problem. 

Theorem 1.1. If (3 > 1 and p > N or q > N, then the first non trivial eigenvalue 
is given by 


|Vr 


■ dx 


( 3 ) 


A“f := inf 


In P 


|Vv|« 


^-: (u,v)€A^ 


dx 


where 


f \u\ a \vfdx 
Jn 

A*’? := j(u,u) G W 0 1,p (f2) x uv ^ 0 and J \u\ a \vf~ 2 v dx = oj . 

Next we want to study the behaviour of this hrst non trivial eigenvalue for large 
values of p and q. We look at the limit as p, q —> oo of . To this end, we assume 
that 

a „ . q 


(A) 


P 


r G (0,1) and 


P 


—>• Q G (0, oo) as p, q —> oo. 


Observe that, since ^ ^ = 1, we also get the following limit: 

--> 1 — r as p, q —> oo. 

q 

Theorem 1.2. Under the assumption (E}, there exists a sequence {(p n ,9n)}neN 
with p n , qn —> oo, such that 

u n —> Uoo, v n — > Voo uniformly in It as n —>• oo, 

where (u n ,v n ) is an eigenfunction corresponding to A normalized according to 
f n dx = 1 for all n G N. Moreover, 

max|||Vu)|| L oo (n) ; ||Vz||2oo (n) } 


( A p,f) 1/P -t Aoo(r,Q) := inf 


H I >l ( 1 - r) 0 IU-(n) 


■: {w, z ) G A 0 


as p,q —>• oo. Here 

Aoo '■= j(w, z) G Wq 1 ’ 00 ^) x W 1,00 (r2): wz ^ 0 and 


max |ui| r | 2 + p = max |u>| r |z_|A r ^l , 

iefi ' xen J 


where z+ and Z- stand for the positive and negative parts of z respectively. 

In addition, this limit (u 0 c^oo) is a solution to the minimization problem for 
Aoo(r, Q) and a viscosity solution to 


min { — (D 2 u ■ Du, Du), \Du\ — A 00 (r, Q)it r |u 00 |^ 1 = 0 

u = 0 


in fl, 
on dll, 
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and 


min ^ — (D 2 vDv, Dv), \Dv\ — A oc (r, Q)^ Q uJ^ r | = 0 

max ^ — (D 2 vDv, Dv), —\Dv\ + A^r, Q) 1 / Q M^, Q |w| 1 ^ r | = 0 
— (D 2 vDv, Dv) = 0 


in { v > 0}, 
in {u < 0}, 
in {v = 0}, 
on 917. 


In the case that 17 is a ball of radius R (that is, 17 = -Br), or when 17 is a rectangle 
(that is, 17 = (-R, R) x (— L, L) CR 2 , we assume here that L < R), we can obtain 
an explicit value for this limit value, A^F, Q). 


Theorem 1.3. 

(i) When 17 is a ball of radius R we have 

T + Q(i-m r /r + Q(i-m (1 " r)Q 


Aoc(r,Q) = 


TR 


Q(1-T)R 


(ii) When 17 is the rectangle (— R,R ) x {—L,L) we get 

T + Q(i-r)\ r /r + Q(i-m (1 ~ r)Q ri? 


Aoo(r,Q) = 


ri? 

i 


Q(i-r)i? 


(R - L) r L 


l-r 5 


if 

if 


Q(i -r) 
ri? 

<9(i -r) 


<L, 

> L. 


Remark that the value Aoo(r,(3) for the ball coincides with the one for the 
rectangle (and does not depends on L) when L is close to i?; while for L small the 
two values differ (and the latter depends on L and goes to oo as L —> 0). 

Note that for the ball, 17 = Br( 0), when q = a = p (hence j3 = 0) we have 
that (given by (|3|)) is the first eigenvalue for the Dirichlet p —Laplacian and 

for this eigenvalue, it is proved in [TB] that (pA^°) ^ —> x /r as p —>• oo, one over 
the radius of the largest ball included in 17. This value corresponds to the value of 
Aoo(r, Q) computed in Theorem II.31 since in this case T = 1 and Q = 1. Therefore, 
we can recover the well known result for a single equation with Dirichlet boundary 
conditions from our results. For the Neumann case we have to consider q = /3 = p 
(and hence a = 0). Now we have that pX®’^ is the first non trivial eigenvalue for 
the Neumann p— Laplacian and for this eigenvalue, it is proved in mm that 


(pXp’p) ^ — > 1 /r as p —> oo, that is 2 over the diameter of 17. In this case in 
Theorem P we have to take T = 0 and <9=1 that gives again A oo (0,1) = 1 /r. 
Hence, we recover again the known result for a single equation with Neumann 
boundary conditions. Remark that similar limits cases also hold for the case of the 
rectangle. 

These limit behaviours hold in general. Note that if we take Q = 1 in the 
minimization problem for Aoo(r, Q) and then T —> 1 we get 


Aoo(F, 1) —> inf ■ 


max {|| Vwi||i,oo(q); ||Vz|| L =o (n) } 




: (w, z) € 


where 2$ := {{w,z) £ Wo’°°(fl) x IF 1,00 (17): wz / 0} This limit value coincides 
with the first eigenvalue for the Dirichlet problem for the scalar infinity Laplacian 
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(just take z = 1 and w a first eigenfunction for the Dirichlet problem), see [H]. On 


the other hand when we let T —>■ 0 (keeping Q = 1) we obtain 



where B := {(w,z) G W 0 1,oo (fi) x f2): wz js 0 and max|z+| = max|z_|}. 

Hence in this case we obtain the first nontrivial eigenvalue for the Neumann infinity 
Laplacian (in this case just take w{x) = edist(cc,9H) and z a first non trivial 
eigenfunction for the Neumann problem and then send e to zero), see 113130]. We 
conclude that our eigenvalue limit problem is somehow in between the Dirichlet 
and the Neumann cases. 

Let us end the introduction giving some references and motivation for the anal¬ 
ysis of this problem. Concerning the p— Laplacian and its properties we quote 
[SllUliMIHlEIl and references therein. The limit of p— harmonic functions, that 
is, of solutions to —A p u = —div(|Vu| p_2 Vu) = 0, as p —> oo has been extensively 
studied in the literature (see j3j and the survey m and leads naturally to solutions 
of the infinity Laplacian, given by —A ^u = —VmD 2 u(Vu)* = 0. Infinity harmonic 
functions (solutions to —Aoo u = 0) are related to the optimal Lipschitz extension 
problem (see the survey |Tj) and find applications in optimal transportation, im¬ 
age processing and tug-of-war games (see, e.g., [HI US I2S1 [291 and the references 
therein). Also limits of the eigenvalue problem related to the p-Laplacian have been 
exhaustively examined (see . M; [18] [20]), and lead naturally to the infinity Laplacian 
eigenvalue problem min {|V'u|(x) — A oc u(a;), —A 00 u(a;)} = 0. In fact, it is proved 
in mm that the limit as p — > oo exists both for the eigenfunctions, u p —> Uoo 
uniformly, and for the eigenvalues (A p ) 1//p —> A^ = !/«, where the pair Uoo, A^ is 
a non trivial solution to the infinity Laplacian eigenvalue problem. 

More recently, the limit problem for the fractional p— Laplacian has been studied 

in [si hd mm- 

Eigenvalues for the p— Laplacian are related to the asymptotic behaviour of so¬ 
lutions to the corresponding evolutions equations, see, for example, [3QI1 [Ill- 

Concerning eigenvalues for systems of p— Laplacian type there is a rich recent 
literature, we refer to [4} [7} (Ml [26] [32] and references therein. The first case in which 
there is an study of the limit as p —> oo of eigenvalues for systems of p— Laplacians 
is [7j where both equations are subject to Dirichlet boundary conditions. 

The paper is organized as follows: in Section [2] we collect some preliminary 
results; in Section [3] we deal with the first eigenvalue to our problem for fixed 
exponents (in this section we prove Theorem HMD; in Section |4] we deal with the 
limit as p 1 q —> oo in a variational setting (showing the first part of Theorem 11.21) ; 
in Section [3 we compute explicitly the limit eigenvalue in the case of a ball and 
a rectangle (see Theorem 11.31) : finally, in Section M we pass the the limit in the 
equations in the viscosity sense (finishing the proof of Theorem 11.21) . 


2. Preliminaries 


We begin with some basic facts that will be needed in subsequent sections. 
Lemma 2.1. Let /3 > 1, p > N, and fix u G Wq’^D) such that u ^ 0. Then 
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is a closed set in W 1,q {PL). 

Proof. Let {r' n }neN C Ap^{u) and v G W 1,q {PL) such that v n —> v strongly in 
W 1 ’ q {PL). Then, up to a subsequence, \v n \^~ 2 v n —> \v\^~ 2 v strongly in L^ =T {PL). 
Since p > N, by the Sobolev embedding theorem, we have that |u|“ G L<>-t 3 + 1 {PL). 
Therefore 


0 = lim 

n—>oo 


[ 2 v n dx= f \u\ a \vf 2 vdx, 

Jn Jn 


and hence v G A£’^(u). 


□ 


Lemma 2.2. Let (3 > 1, p > N and fix u G Wo’ p (f2) such that u ^ 0. Then there 
is a positive constant C such that 


( 4 ) IMU«(n) < C||V«|U, (n) 

for all v G Ap’^{u). 


Proof. We argue by contradiction. Suppose that for all n G N there exists v n G 
Ap£(u) such that ||un||i9(n) = 1 and 

(5) l|Vv n || L ,(fi) < -. 

n 


Then {u„} ng N is bounded in W l,q {Pl). Thus, using the Sobolev embedding theorem, 
we have that there exist a subsequence, still denoted by {unjneN, and v G W 1 ’ q {Pl) 
such that 


v n v weakly in W 1,q {Pl), 
v n —> v strongly in L q (Pl). 

Thus ||u|| iq (n) = 1, and by ©, we get 

||Vu|| L<! (n) < lirninf ||Vu n || L(! (n) < lim - = 0. 

n—>• oo n—>oo ft 

Then Vu = 0 and hence v is constant since PL is connected. Moreover, since v n —*• v 
weakly in W 1,q {PL) and ||vn||iv 1 ''>(f 2 ) —t IMIiyU'qnp we have that v n —> v strongly in 
W 1 ’ q {PL). By Lemma l2Jl we have that v G Ap^(u). This is a contradiction because 
v is a constant. □ 


Note that the best constant C for the validity of |4]) is 


1 


= min 


jlV^jUnn) . 

IMU^n) 



Lemma 2.3. Let (3 > 1, p > N and {u ra }neN « hounded sequence in W () :P (f2) such 
that u n ^ 0 for all n G N. If 


limsupC(u n ) = oo 

n—too 


0 weakly in W 1,p {Pl). 


then, up to a subsequence, u n 
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Proof. We first assume that C(u n ) —> oo. For all n G N, there is v n G Ap’q(u n ) 
such that ||w n ||L 9 (fi) = 1 and 


C^f) = IIVv n |U. ( n). 

Then {w„} n£ N is bounded in W 1,9 (fi). Therefore there exist a subsequence {v nk }fceN> 
and v G W 1,q { fi) such that 

v nk —*■ v weakly in W 1,q ( fi), 

(6) v nk ->• v strongly in L 9 (fi), 

\vn k \ P ~ 2 v nk -t \vf~ 2 v strongly in L*^(fi). 


Then ||w||i9(n) = 1 and 


||Vw|| L 9 (n) < liminf | 

k —>oo 


Vv. 


'n k ||ZA(fi) 


= lim 


1 


fc->oo C(lln k ) 


= 0. 


Therefore v is a constant. Moreover, since ||v||= 1) we have that v = ± 1 /\n\ 1/q . 

On the other hand, since {■u rafc }fceN is bounded in IF 1,p (fi) and p > N, there 
exist a subsequence, still denoted {u nk }k^n, and u G W 1,p (fi) such that 


(7) 


u Uk it weakly in IU 1,p (fi), 

\u nk \ a —> |it|“ strongly in L»-%+i (fi). 


Using ([6]) and J7J), we get 


0 = lim 

k—> oo 


Q 


dx= |i 


i dx = 


±1 
0- 1 
|n|V 


: dx. 


Therefore it = 0. 


□ 


The proof of the next lemma is classical and therefore omitted in this paper. 
Lemma 2.4. If q > N then there is a positive constant C = C(q, N,fl) such that 

IM|l<j(£- 2) < C7||Vw||i,(n) 
for all v G {iu G IF 1,p (fi ): 3;ro G fi with w(x o) = 0}. 


3. The first non trivial eigenvalue 


A natural definition of an eigenvalue is a value A for which there is (it, v) G 
Wg’ p (fi) x IF 1,p (fi) \ {(0,0)} such that 


( 8 ) 


/ |Vit| p_2 ViiVu; c&r = Aa / | 
Jq Jq 

[ \Vv\ q ~ 2 VvVzdx = A/3 [ 
Jci Jci 


u\ a 2 u\v\^w dx. 


u\ a \v' 0 - 2 


vz dx , 


for all (w, z ) G Wq ,p (fi) x lF 1,<? (fi); that is, (it, v) is a nontrivial solution of {T} (0. 
In this context, the pair (u,v) is called an eigenfunction corresponding to A. 

Note that, if a > 1 then (it, v) = (0,1) is a solution of (JJ) J2} for all AgR, that 
is every A G R is an eigenvalue. We say that a value A is a non trivial eigenvalue 
if there is (it, it) G W), (fi) x IF 1,9 )!!) such that uv ^ 0 in fi and (it, v) is an 
eigenfunction corresponding to A. 
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Remark 3.1. If (it, v) £ W 0 1,p (fl) x W l ’ p (VL) is a solution of dU) fl2J) with A = 0 then 

[ \Vu\ p - 2 VuVwdx= [ \Vv\ q ~ 2 VvVzdx = 0 

Jo, Jo, 

for all (w, z) £ Wq ,p (f2) x Therefore u = 0 and v is constant, that is 0 is 

a simple eigenvalue. 

If A is a non trivial eigenvalue then there is (u,v) £ Wg’ p (f2) x W 1,q (Cl) such 
that uv ^ 0 in Q and (it, v ) is a solution of (JTJ @ . Then 


in 


\Wu\ p dx = \a f |u|“|u|^dx, 
Jn 


< \\7v\ q dx = \f3 / \u\ a \v\P dx. 
$ _ 


Therefore, using that ^ ^ = 1, we have that 


|Vi 


p 


(9) 


A = 


In P 


■ dx - 


r JVrf 

In 9 


dx 


\u\ a \v\ p dx 


> 0 


Moreover, by Remark 1 3. 11 we have A > 0. 

On the other hand, taking z = 1 in (0, we get 


\ a \v\P- 2 vdx = 0. 


Thus, our candidate for first non trivial eigenvalue is 


( 10 ) 


where 


Ap,’g := inf 


|Vit| ; 

In P 


dx ■ 


f \u\ a \vfdx 
Jn 


|Vv|« 


^-= M£A a J 


dx 


:= |(u,u) € W 0 1,p (f2) x W 1>9 (f2): uv ^ 0 and J 


u\ a \v\ p - 2 vdx = 0y 


3.1. Scaling invariance of Ai- If we take (it, v) £ such that 


( 11 ) 


\ a \v\ p dx = l 


and we scale both functions according to 

u = au v = bv 


we get f n |it| a |t;|' 8 dx = a a b /3 . Then, to still have (fill) we impose a a b& = 1. On the 
other hand, we have 


f' m 1’*+ 

/I™!* * = 

/ |v " |p d* + t« 

f dx a p A + b q B , 

In P 

In 9 

In P 

In 9 


and then we want to compute 

min a p A + b q B. 

a a bP = 1 
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This leads to (using Lagrange’s multipliers) pa p 1 A = 6aa a 1 b@ and qb q 1 B = 
Opa a b^~^, with a a bP = 1. That is, pa p A = Oa and qb q B = 0(3 and we arrive to 

(3pa p A = aqb q B. 


This computation shows that in a minimizing sequence we can assume that the 
terms 


|Vu„ 


■ dx 


and 


^ALdx 

q 


are of the same order. 


3.2. Is XpA a non trivial eigenvalue? We start showing that X p ' q is not a non 
trivial eigenvalue when a = 0 or /3 = 0. 

Observe that if q = (3 and a = 0 then X p ’ q > x ™/ q where A™ is the first non 
trivial eigenvalue of the Neumann q —Laplacian that is 


A™ = min 



|Vv| q dx 

n -: v € \ {0}, / \v\ q ~ 2 vdx = 0 

v\ q dx Jn 


Moreover, if (f> G Cq (fi) and v is an eigenfunction corresponding to A; 
(f>v ^ 0 then v) G A p ' q for all £ > 0. Then 


A N 

q 


m 


p 


■ dx 


|V«| 9 


dx 


Q ^ \0 ,q ^ p J_£t__P_ _ j_ J V- Q_ _ _ 

— A p,q — /* ' f ^ 

/ \v\ q dx / \v\ q dx 
JQ. JQ. 


r jv# 

n P 


dx 


\v\ q dx 


\ N 

q 


such that 


Ve > 0. 


Therefore, passing to the limit as e —>• 0 we have that X p ' q = x ™/q 

We claim that X p ,q is not a non trivial eigenvalue. Suppose, contrary to our 
claim, that X p ' q is a non trivial eigenvalue. Then there exists (u,v) G A p ' q such 
that 


p,g 


/ E»l' * 

/ w * 

Jn P , . 

Jn q 


> 


1 dx 


1 dx 


/Ed!* 

/ n q 

[ \v\ q dx 


since m / 0. Therefore x ™/q = X p ' q > x ™/q, a contradiction that implies that X p ' q is 
not a non trivial eigenvalue. 

Similarly, if p = a and (3 = 0 then X p, q = x ?/p is not a non trivial eigenvalue. 
Here A^ 5 is the first eigenvalue of the Dirichlet p— Laplacian, that is 


A° = min 


\Vu\ p dx 


\ p dx 


u G W 0 1,p (fl) \ {0} y 


Now we show that if /3 > 1 and p> N or q > N then X p ’@ is the first non trivial 
eigenvalue. 
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Proof of Theorem 11.11 By J9|) and (fTOl) , we only need to prove that A“’^ is a non 
trivial eigenvalue. Let {( u n ,v n )} n eN C Wo 1,p (f2) x W l,q (VL) such that 


( 12 ) 

(13) 
and 

(14) 


\u„\ a \v n f 2 v n dx = 0, 

f IWnri^nl' 3 dx = 1, 
Jn 


\ a ’P = 

P.9 


lim 


\Vu n \r 

P 


dx + 


q 


Then, using the Poincare inequality, we have that {u n }neN is bounded in W 1,p (r2). 
We now split the rest of the proof into 2 cases. 

Case /3 > 1 and p > N. By the Sobolev embedding theorem, there exist a 
subsequence, still denoted by {u n }neN. and u £ Wo’ p (fi) such that 

«„ — 1 u weakly in Wg 1,p (n), 

(15) \u n \ a \u\ a strongly in L* (ft), 

\u n \ a —> \u\ a strongly in L?-^ 1 (ft). 


On the other hand, by m and Lemma ELS we have that {vn} n gN is bounded 
in W 1,q (fl). Hence, by the Sobolev embedding theorem, there exist a subsequence, 
still denoted by {«„}„ £ n, and v £ W 1,9 (ft) such that 

v n —v weakly in W 1,9 (ft), 

(16) \ v n\^ —> \v\^ strongly in L? (ft), 

\vnf~ 2 v n -t \v\P~ 2 v strongly in lA(ft). 


By d, (fT5l) . and m, we have that 


(17) 


A“ i/3 > 

*P, 9 — 


|Vu| p 

P 


dx + 


9 


On the other hand, by (fl3l) . (fT5l) . and d, we get 


\ a \v\P- 2 v dx = 0, and 


J“| vfdx = 1. 


Then ( u,v) £ Ap’J?, and by (flTl) and ([3]) we have that 


\ a ’P = 
p,q 


r w 

'n P 


dx 


f M 

In 9 


■ dx, 


that is ( u , v ) is a minimizer of ©. Therefore (u, v) is an eigenfunction corresponding 
to A“f. 

Case q > N. By the Sobolev embedding theorem, there exist a subsequence, 
still denoted by {w n }neN. and u £ Wq (ft) such that 


( 18 ) 


u n —*■ u weakly in Wg 1,p (ft), 
\u n \ a —> \u\ a strongly in L“(ft). 
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On the other hand, by m and Lemma \2. 41 we have that {t>n}neN is bounded 
in kF 1,9 (n). Hence, by the Sobolev embedding theorem, there exist a subsequence, 
still denoted by and v G kF 1,9 (fi) such that 

v n —*■ v weakly in W 1 ’ 9 (fi), 

(19) _ 

v n —> v strongly in (7(H). 


( 20 ) 


By (HI, (fl8l) . and ijTflll . we have that 

|Vu| p 


\ a ' p > 
p,g — 


dx 


|Vu|' 


■ dx. 


I n P 


On the other hand, by (fT^l) . (fl3l) . (fT51) . and (HU), we get 

f \u\ a \v\ /3 ~ 2 v dx = 0 and f \u\ a \v\^ dx = 1, 
JQ. Jfl 

since /3 > 1. Then (u,v) G and by ([20]) and © we have that 


\ a >P = 
p,q 


f JVuJf 

'n V 


dx 


|Vu|' i 


dx, 


which concludes the proof. 


□ 


Remark 3.2. Note that, if (u,v) is a minimizer of m then so is (|w|,u), that is 
if (u, v) is a solution of © © with A = A p’P then we can assume that u > 0. 
Moreover, due to the results in m, we get u > 0 in H for p and q large enough. 


4. The limit as p, q -» oo 

From now on, to simplify the notation, we write A Pi9 instead of A“’^ and by 
(■ u Piq ,Vp tq ) we denote an eigenfunction corresponding to A = Anormalized with 
fn \ u p,q\ \ v p,q\^ dx = 1 . 

Recall that we have assumed that 

(y, q 

-iTG (0,1), and- > Q G (0, oo) asp, q—> oo. 

p P 

In addition, since ^ ^ = 1, we get 

--> 1 — T as p,q oo. 

9 

Now, we deal with the limit as p, q —> oo in a variational setting (showing the 
first part of Theorem 11.21) . 


Lemma 4.1. Under the assumption there exists a sequence {(p n , 9n)}neN such 
that p n , q n y oo, 


u n —> itoo, v n —>• Moo uniformly in H as n —>• oo, 
where (u n ,v n ) is an eigenfunction corresponding to X Pn , qn for all n G N. Moreover, 


(\ P , q ) 1/p ^ Aoo(T,Q) := inf 


max 


{l|vHU- (n) ; llVzllg.^} 
IIM r M ( 1 ~ r)Q ||L~ ( n) 


{w, z) G A 0 


as p, q —>• oo and (rioo, Moo) is a minimizer of A(T, Q). 
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Proof. We first look for a uniform bound for (X pq ) lp . To this end, let us consider 
a non-negative Lipschitz function w £ TU 1,00 (fl) that vanishes on dQ. 

Once this functions is fixed we choose z £ W 1,00 (n) a Lipschitz function and 
after that we choose I\ = K(p, q) such that 


f \w\ a \(z — K)\P 2 (z — K)dx = 0. 
J n 


Note that K(p,q) is bounded, in fact, we have inf {A (a:): i e SI} < K(p,q) < 
sup{A(:r): x £ O}. We normalize according to 


[ \w\ a \(z-K)\ 0 dx = l. 
Jn 


Hence, using the pair (w, z — K) as test in (fldl) we get 


X Pl q 


r |vuf 

<n P 


dx 


f ]V£[ 

In 9 


dx. 


Therefore 


( 21 ) 


limsup(A Pi g) 1/p < limsup(i||Va||^ (n) + ^||Vu7|IL(n)} 

p,q—>oo p —>-oo IP q J 


1/p 


= max|||Vz|| L =o (n) ; ||VH|?» (0) } < C. 

Thus, there is a constant, C, independent of p and q such that, for p and q large, 

(a m ) 1/p < c. 

Let ( Up !q ,v P! q ) be a minimizer for A Pi9 normalized by J n \u Ptq \ a \v Piq \^ dx = 1. 
Then, we have that 

- [ \'X7u P} q\ P dx + - f \Vv Pt q\ q dx = X Pi q, 

P Jn J Jn 

from which we deduce using (1711) that 

limsup || Vu Pi g||iP(n) < limsup (pA Pi9 ) 1/p = limsup (A Pi9 ) 1/p < C, 

p,q—t oo p,q—>oo p,q—too 


(22) limsup ||Vu Pig || L9( o) < limsup (qX p , q ) 1/q = limsup (A p , 9 ) 1/p 


1 p /i 


p,q—t oo 


p,q—t oo 


p,q—too L 


1 Vo 


<c. 


= limsup (A p , 9 )^ p 

p,q—> oo 

Now, we argue as follows: We fix r £ (N, oo). Using Holder’s inequality, we 
obtain for p,q > r large enough that 

(y \VUp y q\ r dx^j 7 < y \VUp, q \ P dx) 7 |n|r-? <c. 


(23) 

Analogously, we have 


i/ r 


V« 


| Vv p , q \ r dx J < | Vz) p , g | 9 dx J |fl| r i <C. 

Hence, extracting a subsequence {(pn,9n)}ne n Pn,qn —> oo if necessary, we have 
that 

Un — U'j> r , ,q n x Uoo and Vn — Up n ,q n 1 Uoo 
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weakly in W 1,r (yi) for any N < r < oo and uniformly in Q. 
From (1221) and (E3l) . we obtain that this weak limit verifies 


[ iVitool’’ dx\ < |Q| 1// ’Timsup(A P)g ) 1,/p . 
Jn / p,q^>oo 


As we can assume that the above inequality holds for every r > N (using a diagonal 
argument), we get that Uoo £ W () : °°(Q) and moreover, taking the limit as r —> oo, 
we obtain 

|Vw 00 (a;)| < liminf(pA p g ) 1//p = liminf(A„ „) 1//p a.e. x £ fl. 

p,q—t oo ’ p,q—}oo ’ 

Analogously, we obtain that the function Voo verifies that Voo £ kF 1,00 (fi) and 
|Vuoo(a;)| < liminf (q\ p „)^ q = liminf (A pn) 1 ^ = liminf (A„ „)^ q 

p,q—t oo ’ p,q—too ’ p,q—>oo ’ 


= lim inf 
p,q—t oo . 


(A P , 


•p,q) 


p /l 


liminf (A„ „) 

p,q— J-oo 


Vo 


a.e. x £ tt, 


Then 

|Vn 00 (a;)| < ^ < liminf (A p .,,) 1/P a.e. x £ Q, 

p,q—t oo ’ 

From the uniform convergence and the normalization condition, we obtain that 


and from 


|||Moo| r koo| (1 r)Q |U-(f!) = 1, 

I Vp^q dx — 0, 

Jn 


we get 


max|?i 00 (a;)| r |(noo(a;))+| (1 r)Q = max |u 00 (a;)| r |(i; 00 (:r))_| (1 r)Q . 

x£ft x£ft 


Therefore, («oodoo) £ Aoo and we get 

max 11| Vrtooll^ocqQ); ||Vt>oo|l2°°ro)} 


(24) Aootr.g)^ 


|woo| r boo| (1 r)Q IU-(n) 


< liminf(A p g ) 1//p . 

p^q—too ’ 


Now, we note that since K(p,q) is bounded, there is a sequence {( p n ,qn )} such 
that 

p n , q n ->■ oo and K(jp n , q n ) ->• k 
as n —> oo. From HUD, we get 


limsup(A Pi9 ) 1//p < 

p,q—> oo 

for every pair (w, z — k) with 


1/p max |||Vu)|| L =o (n) ; ||V(^-A;)||^ 00(n) | 


H r K--fc)l (1 ' r)Q llL~(n) 


Thus 

(25) 


max |u;(ai)| r |(2(a:) — fc ) + |^ 1 = max |w(a;)| r |(2;(a;) —/c )_| (1 r ^. 

x€Q ccEQ 


limsup(A p , g ) 1/p < Aoofr.Q). 

p,q—> oo 
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Therefore, by (l24l) and (l25l) . we get 

as p, q —>• oo, and (itoo, ^oo) is a minimizer of A 00 (r, Q). □ 


5. The value of in a ball and in a rectangle. 

5.1. The case of a ball. Now our aim is to compute the limit value Aoo in the 
ball of radius R , that we denote as Br. 

By symmetry reasons we have to choose xq = (a, 0,..., 0) with 0 < a < R, the 
point where 

|||Moo| r boo| (1_r)Q |U-(B ii ) = |ltoo| r |Vcx)| (1 “ r,Q (^o) = 1- 

Note that we can choose Vqo to be symmetric (odd in the aii-direction), that is, 
Voc(xi,X 2 , ■ • .,Xn) = —Voo(—Xl,X2, ■ ■ ■ ,Xn)- 
Now we are lead to compute: 

max |||Vrt 00 ||x,o 0 ( Bj j); ii vw oc|i2~(b h) } • 

Observe that the best choice that we can make is to take as the cone 

Uoo{x) = ki(R - |x|). 


Then we have 


UVuoollioo^) = ki and u^Xq) 
Concerning we can choose a plane 

Voo(x) = k 2 (x,e i). 


Then we have 


ki(R — a). 


||Vu 00 || i =o (BR) = k 2 and Uoo(a"o) = k 2 a. 
These functions u 00 and Uqo are depicted in the following figure. 



Now we have to compute 


min max < k \; k (p 

ki,k2,a, l 
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with the restriction 


max Imoo^Iuoo^ 1 = max (ki(R — s)) r (k 2 s) < ' 1 

xS-Br 


Then we have to compute 


0 <s<R 

= klki 1 - T)Q (R-a) r a^Q = 1 . 


max (R — s) r s ( ' 1 r - )< ^. 

0 <s<R 


We have that this maximum is attained at a point a that satisfies 

Ta = Q{l-T)(R-a) i 

hence, a is given by 


Q{ 1 - T)R 

r + Q(i-r)‘ 


Therefore, the restriction is given by 


,r,(i-r)Q 

1 


This gives 
with 

Finally we arrive to 

We must have 
and hence 


TR 


T + Q(l-T) 


\ r ( q(i~t)r \ {1 ~ r)Q 

J [r + Q(i-r)J 


E=I n 

k 1 = 0fen r Q 


e = 


r + Q(i-r) /r + Q(i-r) 

TR iy Q(1 — T)R 


(i-r)Q 


min max 10 k 2 r ®; k® | • 


©V' lQ = k§, 


k 2 = 0 « . 

We conclude that the optimal value for Aoo is given by 

= e r = t r + 0(i _r )T /r + Q(i -r) 


TR 


Q(1-T)R 


(i-r)Q 


5.2. The case of a rectangle. Now we want to compute A 00 (T, Q) when Q is 
the rectangle (— R,R ) x {—L,L) C R 2 . Without loss of generality, we assume that 
L < R. 

Here, as for the case of the ball, we rely on symmetry. We look for a point 
xo = (a, 0) with L < a < R, where 

|||wo 0 | r koo| (1_r)Q ||L“(f2) = |woo| r |uoo| (1_r)<3 (a;o) = 1. 

Note that we can choose Voo to be symmetric (odd in the ^-direction), that is 
Voo(x,y) = -Voo(-x,y). 

Observe that the best choice that we can make is to take u 00 as the cone 


Uoo{x) = ki{p - \(x,y) - (a,0)|)+, 
with p = R — a < min{L, R — L}. Then we have 

IIVuooIIloo^) = ki and u^xq) = kip. 
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Concerning Voo, as before, we can choose a plane 

Voo(x) = k 2 x i. 


Then we have 


||Vv 00 || L oo (B k) = k 2 and v oo (x 0 ) = k 2 a. 
Now we have to compute 

min max < k \; k > 
ki,k2,a l J 

with the restriction 


max|w 00 | r |'ttx>|^ 1 = max (ki(R — s)) r (k 2 s) < ' 1 

xEQ a<.s<R 

= k r 1 ki 1 - r)Q (R-a) r a^ 1 - r ^ = l. 


Then we have to compute 

(26) max (R — s) r s^ 1_r - )< ^. 

a<s<R 

When p < L, this maximum is attained at a point a that is given by 

Ta = Q(1 - T)(p + a - a), 


that is 


a = Q 


(i-n 

r 


p- 


Hence, with similar computations as the ones that we did for the ball we obtain 
that 


Aoo(T,Q) 


/t + q(i —m r /r + Q(i-m (1-r)0 

v TR ) \ Q(1 — T)R ) 


if 


TR 


Q(i -r) 


< L. 


Observe that, in this case, Aoo(T, Q) coincides with the eigenvalue that we found 
in the case of the ball. 

When p = L. (l26l) is attained at a point a that is given by a = R — L then 


Aoo(r,<3) = 


(R-L) r L 1 ~ 


if 


TR 


<9(i - r) 


> L. 


Note that computing the value of A 00 (T,(9) for a general domain H is not 
straightforward. 


6. Viscosity solutions 

In order to identify the limit PDE problem satisfied by any limit (« M1 tJoo), 
we introduce the definition of viscosity solutions. Since we deal with different 
boundary conditions for the components u Ptq (Dirichlet) and v p ^ q (Neumann) we 
split the passage to the limit into two parts. Also remark that Uoo is non-negative 
in Q but Voo changes sign. This is reflected in the fact that they are solutions to 
quite different equations. First, we deal with the equation and boundary condition 
verified by Uoo and next we deal with Voo ■ 
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6.1. Passing to the limit in u P:q . Assuming that u PA is smooth enough, we can 
rewrite the first equation in (JT]) as 

(27) -|Vn p , g | p_4 (\Vu pa \ 2 Au pa + {p - 2)A ao u p , q ) = a\ p , q u*~ l v^ q . 

Recall that — = —VuD 2 u(Vu) t . This equation is non-linear, elliptic (de¬ 
generate) but not in divergence form, thus it makes sense to consider viscosity 
sub-solutions and super-solutions of it. Let x £ S2, y £ R, 2 £ R , and S a real 
symmetric matrix. We consider the following function 

H p (x, y, z, S) = -\z\ p ~ 4 (|z| 2 trace(S') + (p-2)(S ■ z,z)) - aAp i9 |y|“ _2 yn Pi9 (a;) /3 . 


Observe that H p is elliptic in the sense that H p (x,y, z, S) > H p (x,y, z, S') if 
S < S' in the sense of bilinear forms, and also that m can be written as 
H p (x,u p ^ q ,Vu PA , D 2 u pq ) = 0. We are thus interested in viscosity super and sub 
solutions of the partial differential equation 

f H p [x, u, Vu, D 2 u) = 0 in ft, 

[u, = 0 on dft. 

Definition 6.1. An upper semi-continuous function u defined in ft is a viscosity 
sub-solution of (l28l) if, u\dn < 0 and, whenever xo G and 4> £ C 2 (n) are such that 
u(xo) = <t>(Xo) and u — 0 has a strict local maximum point at xo, then 

H p {x 0 ,(j)(xo),V(j)(x 0 ),D 2 (l)(x 0 )) < 0. 

Definition 6.2. A lower semi-continuous function u defined in fl is a viscosity 
super-solution of (1281 if, rt|an > 0 and, whenever xq € fl and </> £ C 2 (Q) are such 
that u(xq) = </>( xq) and u — <fi has a strict local minimum point at Xo, then 

H p {x 0 ,(l){xo),V(l)(x 0 ),D 2 (t>(xo)) > 0. 

We observe that in both of the above definitions the second condition is required 
just in a neighbourhood of xq and the strict inequality can be relaxed. We refer 
to [10] for more details about general theory of viscosity solutions, and to [T9] for 
viscosity solutions related to the oo—Laplacian and the p— Laplacian operators. 
The following result can be shown as in [25] Proposition 2.4], therefore we omit the 
proof here. 

Lemma 6.3. A continuous weak solution to the equation 


j — A p u = \ot\u\ a 2 uv^ q in fl, 

= 0 on dfl , 

is a viscosity solution to (l28|l . 

Now, we have all the ingredients to compute the limit of (l28l) as p —> oo in the 
viscosity sense, that is, to identify the limit equation verified by any uniform limit 
of Mp, g , rtoo- For x £ fT, y £ R, z £ R w and S a symmetric real matrix, we define 
the limit operator H a0 by 


iToo(x, y, z, S) = min{-(5 ■ z,z), \z\ 


A 00 (r,Q)|y| r |i; 00 | (1 r)Q (a;)}. 


Note that H^x, u, Vu, D 2 u) = 0 is the limit equation that we are looking for. 
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Theorem 6.4. A function Uoo obtained as a limit of a subsequence of {u P , q } is a 
viscosity solution to the problem 


(29) 


Hoo[x, u, Vu, D 2 u) = 0 in Cl, 
u = 0 on dCl, 


with Hoc defined in (jfi.ll) . and Voo a uniform limit of v PtQ . 


Proof. In this proof we use ideas from [7]. We consider a subsequence {(p n , q n )}ne N 
such that p n , q n —> oo 


lim = Uoo, lim v PnAn = 

n—> oo n—> oo 

uniformly in Cl and (A Pn ,q n ) 1 ^ Pn —> A 00 (r, Q). In what follows we omit the subscript 
n and denote as u Ptq , v p , q and \ p , q such subsequences for simplicity. 

We first check that Uoo is a super-solution of (EHll .To this end, we consider a point 
Xq £ Cl and a function cf> £ C 2 (Cl) such that u^x o) = 4>{xq) and Uoo{x) > 4>{x) for 
every x € B(xq,R), x ^ Xo, with R > 0 fixed and verifying that B(xq,2R) C Cl. 
We must show that 


(30) Hoo(x 0 , <j>(x 0 ), V(/)(x 0 ), D 2 cf>(x 0 )) > 0. 

Let x Pt q be a minimum point of — f> in B(Xq, R). Since u Piq Uoo uniformly 
in B(Xq, R), up to a subsequence x VA —>• lo¬ 
in view of Lemma [6731 u Ptq is a viscosity super-solution of (I28f) . then 

— \^4>{x p ,q)\ P 4>{x Pt q)\ A(j)(x Pt q) + (p — 2)Aoo(j)(Xp t q)^ 

A OtXpq\(j){x pq ) | (fiXp) | ( Xp^q )• 


Assume that <f>(x o) = Uoo(xo) > 0 and |tioo|(^o) > 0. Then for p, q large, 
<j>(x p , q ) > 0 and \v Ptq \(x Ptq ) > 0 so that the right hand side of (13T1) is positive. 
It follows that \V(j){x p ^ q )\ > 0 and then we get 


(32) 


( \V 4>(x p ,q)\ 2 A(j)(x p , q ) 

\ (P-2) 


4“ A 00 (j){x p ^ q ') 


> 


ap 


(p-2) p 


l {^p,q) p |0(^p,g) | p 4 >P ( x p,q)\Vp,q\ p {%p,q)\^ ( fi(%p,q)\ p 


Note that we have 


lim 

p,q—> oo 


Hence 


/ \d(j)(Xp t q )\ 2 A(j){Xp^q) 

\ (P-2) 


T Aoo(j)[x 



-A oo<j>(x 0 ) < oo. 


lim sup 

p,q—t oo 


(P- 2)1 


(A p,q)r(j) P (Xp,q)\v p , q \p (x p )\V(t>(x P} q 


- 1 + 


4 

V 


< 1. 


Recalling that by assumption — —> T and - —> Q as p, q —> oo, we obtain 

(33) A 00 (r,Q)t6 r (T 0 )|i;oo| (1 " r)Q (To) < |V0(a;o)| 


and 


(34) -Aoo^zo) > 0, 

which is m- 
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Assume now that either <f>(x o) = Uoo(xo ) = 0 or Voo(xo) = 0. In particular, (fTTTTl) 
holds. Note first that if V</)(x o) = 0 then Aoo</>(xo) = 0 by definition so that (1541) 
holds. We now assume that |V<^>(aio)I > 0 and write (1551) . The parenthesis in the 
right hand side goes to 0 as p, q —> oo so that the right hand side goes to 0 and (1551) 
follows. 

To complete the proof it just remains to see that Uoo is a viscosity sub-solution. 
Let us consider a point Xq £ H and a function <f> £ C 2 (fl) such that Uoo(xo) = 4>{xo) 
and Uoo (x) < cf>(x) for every x in a neighbourhood of xq ■ We want to show that 

Hooixo^ixo)^^)^ 2 ^)) < 0 . 

We first observe that if Vcj){x o) = 0 the previous inequality trivially holds. Hence, 
let us assume that V<f>(x o) ^ 0. Now, we argue as follows: assuming that 

(35) |V^(a:o)| - A 00 (T, Q)^ r (a:o)|uoo| (1_r)Q (a;o) > 0, 

we will show that 


(36) -Aoo4>(xo) < 0. 

As before, using that u PiQ is a viscosity sub-solution of (l28l) . we get a sequence of 
points x Pi q —» Xq such that 


(37) 


(\Vcj)\ 2 A(/){x^ q ) t A 

l (p — 2) ^ &-oo<t > \Xp,q 


< 


A/p 


.ip- 2) 

Using m we get 
a l / p 


(^) ,/ 'W‘“" i)/ '(* m )K,«I s/ ’’(^,)IV0(x m )|- 1+4/ '') : . 




limsup. 

p,q—> oo VIP 


(Ap, 9 ) 1/p |<AI (a - 1)/p (^, 9 )k P , 9 |^(^J|V^(^, 9 )|- 1+4 / p = 0. 


Hence, we conclude (15(1 taking limits in (1571) and we obtain that 


min{—Aoo^ico), |V0(x o )| - A^T,Q)<)) r (xo)|i;oo| (1 r,Q (x 0 )} < 0. 

The fact that Uoo = 0 on dfl is immediate from the uniform convergence of u p ^ q 
since = 0 on dQ. □ 

6.2. Passing to the limit in v p , q . Let 


Fq{x,y,z,S) 


-\z\ q 4 (|z| 2 trace(S) + {q - 2){S ■ z,z)) - /3A P:9 |w Pi9 (x)| a |y| /3 2 y. 


Now we deal with viscosity super and subsolutions of the partial differential equa¬ 
tion 


(38) 


F q (x, v, Vv, D 2 v) = 0 in SI, 
dv 

— = 0 on da. 

av 


Here, we have to pay special attention to the fact that v P:Q changes sign and to 
the boundary condition av p,a/dv = 0 on dfl. To this end, following [2], we introduce 
the following definition of viscosity solution for the boundary value problem 


F q (x, v, Vv, D 2 v) = 0 in H, 
B(x, Vv) =0 on da, 


(39) 
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where B(x,z) = ( z,u(x )). 

Definition 6.5. A lower semi-continuous function u is a viscosity super-solution if 


for every <f> £ C 2 ( ff) such that u — <fi has a local strict minimum at the point xo £ fl 
with u(xo) = 4>{xo) we have: If xq £ dfl the inequality 


max{F g (a;o, <f>(xo), S7<f(xo), D 2 (f(xo)), B(xo,\7(/)(xo))} > 0 


holds, and if xq £ f2 then we require 


F q (x o ,0(x o ),V(/)(xo),D 2 (/>(xo)) > 0. 


Definition 6.6. An upper semi-continuous function u is a sub-solution if for every 


<j> £ C 2 (tt) such that u — <j> has a local strict maximum at the point xq £ fl with 
u( xq) = 4>{x o) we have: If xq £ dfl the inequality 


mm{F q (x 0 , <j>{x 0 ), V4 >(x 0 ), D 2 cf>(x 0 )), B(x 0 , V^(t 0 ))} < 0 


holds, and if xq £ fl then we require 


F g (x 0 ,</>(xo),V</)(xo),D 2 (/>(xo)) < 0. 


As before, we have that any continuous weak solution of the second equation in 
m is a viscosity solution of (1551) . This fact can be proved as in mug Em . 

We can now pass to the limit p, q —>• oo to obtain the equation satisfied by Voo- 

Theorem 6.7. A function Voo obtained as a limit of a subsequence of {v p , q } is a 
viscosity solution of the equation 



(40) 


with Foo defined by 
Foo(x,y,z,S) 



Proof. We prove that Too is a super-solution of (l40l) . The proof of the fact that it is 
a sub-solution is similar. Fix some point xo £ fl and a smooth function <f> such that 
Voo ~ 4> has a local strict minimum at Xq with i’oo(xo) = 4>{xo)- Since v Ptq — > Voo 
uniformly there exist x P:q £ argmax{T Pig — </>} such that x p , q —>■ xo as p, q — > oo. 

Assume first that xq £ fl, so that x PA £ fl for p,q large. If V(j>{xo) = 0 then 
we have Aoo</>(a;o) = 0. We assume now that V<^(xo) / 0. As u p , q is a viscosity 
solution of (1551) . we have 


F q {x p , v P , q {x p ^(f) , ^(f){x p ^ q ), D 0(xp)) A 0. 
Dividing this inequality by (q — 2)\\7 4>{x Ptq )\ q ~ A we obtain 
- Aoo<j>(xo) + o(l) 


( 41 ) 
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If Voo(xo) > 0, then, recalling that (^ P , q ) q ~ 2 — > ( A oc ( r , Q))^ Q , it follows that 

we must have A °°( r >Q) Q l l) °°^ 0 ^ - < 1. Going back to (PHI) we also get 

—A 00 (j)(xo) > 0. 

If Voo(xo) < 0 then we rewrite the equation as 


-\V(f>(Xp y q 


-2 


(q-2)«-i\Vcj)(x Piq )\ 


P-2 


A Pl q \^p,q{x p ^q) | q 2 \v p ,q(x p ,q) | q 2 


(-Aoo^Xq) + 0(1)) 
— ^p,q^p 7 q)' 


If A °°( r »Q) /q ^"v0(xo)( O ^°°^ 0 ^ - < 1 then we mus t have — A oo 0(cco) > 0. Other- 

-p r ..... u n .. r A ao (r,Q) 1 /«|„ oo ( X0 )| r /«| t , oo(a;0 )|i-r’ ^ 
wise we nave-[WIHH-- 

If ^oo (x 0 ) — 0; then v p ^q{x p ^q ) ^ 0 so that I'Cp,^ {x p ,q )| q ^p,q(x Pl q ) — ^p,qi.^Piq') t 
0. It then follows that 

-\S7(j){x p ,q)\ q - 2 Acj)(xp,q) - (q - 2)|V0(xp i9 )| 9_4 A oo </>(xp i(? ) > o(l). 

Dividing this inequality by (q — 2)|V0(Xp jg )| 9 ~ 4 and letting p, q —> oo we obtain 

-A oo 0(a;o) > 0. 

Assume now that xq £ dCl. We have to prove that 


max |F 00 (cco,(/)(aio), S74>{x 0 ), D 2 (j)(x 0 )), ^(aj 0 )| >0. 

If x Pt q £ fl for some subsequence then we can proceed as before to get 
Foo(x 0 , (/)(x 0 ), V(j)(xo), D 2 cj)(xo)) > 0. 


Assume that x PA G dfl for every p, q large. If V(j)(x o) = 0 then a <l>(x 0 )/q v = 0. Then 
we need to deal with V0(xo) ^ 0. We have 

max ^Fp(Xp^q, (friXp.q') (j)[Xp^q), D (j)[Xp^q')') , ^~(^p,g)j’ A 0. 

If Fp(xp, qi <f>(a'p, q ), ’V(f>(xp t q) 1 D 2 (j){xp i q)) > 0 holds for a subsequence we are done as 
before. Otherwise 

dcj) 

-g^(x P ,q) > 0 for p , q large 

so that a <t>/d v(xq) = limp^^oo a 0/9i/(x Pi9 ) >0. □ 
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